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Abstract 

In this article, we consider the connection problem of the KZ (Knizhnik- 
Zamolodchikov) equation on the moduli space Mo, 5, and show that the 
connection matrices are expressed in terms of the Drinfel'd associator. 
As the compatibility condition on the connection problem, we have the 
pentagon relation for the Drinfeld associators. As an application of the 
connection problem, we derive the five term relation for dilogarithms. 

1 Introduction 

In this article, we consider the connection problem of the KZ equation on the 
moduli space .Mo, 5, and show that the connection matrices are expressed in 
terms of the Drinfel'd associators. As the compatibility condition on the con- 
nection problem, we have the pentagon relation for the Drinfeld associators. 
This story was already proved by Drinfel'd in his famous paper jDrj (see also 
Wojtkowiak's paper jW]), but our proof is completely different from theirs. Our 
proof is based upon the decomposition theorem for fundamental solutions of the 
KZ equation. As an application of the connection problem, we derive the five 
term relation for dilogarithms. 

This paper is organized as follows: In section 2, we introduce the KZ equation 
on the moduli space Mo, n . In the cubic coordinate system of the space, it is 
represented as the KZ equation of n — 3 variables. In section 3, we particularly 
consider the KZ equation of one variable which is denoted by z, and show that 
the Drinfel'd associator <£>kz gives the connection matrix between C(z), which 
is the fundamental solution of normalized at z = of the equation, and C^(z), 
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which is the fundamental solution normalized at z = 1 of the equation; 

C{z)=C^{z)$ KZ . (1) 



In section 4, the KZ equation of two variables, which are denoted by (z\, z%), will 
be considered. The fundamental solution £(zi, z%) normalized at (zi, z 2 ) = (0, 0) 
of the equation is shown to decompose as follows: 

£(* 1> * a ) = 42i(*i,^)43i(*i) ( 2 ) 

= 4®20l: Z2)Cfl 2 {z 2 ) 

where 4®j( z i) * s ^ ne fundamental solution normalized at Zj = of the KZ 

equation of the one variable Zj, and c\~2j( z i, z 2) is the fundamental solution 
normalized at Zi = of the Schlesinger type equation of the variable z%. We will 
refer to © as "the decomposition theorem". In section 5, we will consider the 
connection problem of solutions of the KZ equation on .Mo, 5- We fix a pentagon 
in A^o,5(R-)> which denotes the real points of a certain compactiheation .Mo, 5 
of -Mo, 5, as below: 




To each vertex P a , we associate the cubic coordinate {z[ a \ z%), and the KZ 
equation of the two variable (z[ , z%). Let be the fundamental solution 
normalized at the vertex P a of the equation. Then one can show that 

£ (a) = £ Ki)jW (a = 0,1, 2, 3, 4 (mod 5)) (3) 

where iFgy, is the Drinfcl'd associator attached to the vertex P a . The relation 
([3]) is proved by applying the decomposition theorem ([2]). As the compatibility 
condition for ([3]), we obtain the pentagon relation of the Drinfel'd associators 

$ (4) ^(3) ^(2) # (1) # (0) j f4 x 
^KZ ^KZ ^KZ ^KZ ^KZ 1 VV 

In section 6, as an application of the connection problem, we derive the five 
term relation for dilogarithms 

Ll 2 (ziZ2j = Li 2 — + Ll 2 ' 



1 - Z\ J \ I — Z% 

1 .2 1 - ^1 



+ Li 2 (z 1 )+Li 2 (z 2 ) + -log^ T — ij . (5) 

In |OUj . we show that the decomposition theorem (|2|) is equivalent to the 
generalized harmonic product relations of hypcrlogarithms of the type .Mo, 5, 
which contain the harmonic product of multiple polylogarithms. 
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2 The KZ equation on the moduli space A^o.n 

2.1 Definition of the moduli space and the KZ equation 

The moduli space A^o,™ is by definition jY] 

A(o.r l =PGL(2,C)\F n (P 1 ). (6) 

Here Fj^P 1 ) is the configuration space of n points on P 1 = P 1 (C), 

F„(P 1 ) = {(xi, . . .,x n ) G (P 1 )" | z< ± X j (i + j)} 
= (P 1 )" \ A 

where A is the thick diagonal of (P 1 )", 

A = {(a*,. . . , x n ) e (P 1 )" I Bi^j s.t. Xi = Xj }. 
The KZ equation(KZE) on A^o,n is a Pfaffian system defined by 

dG = S7G, [2= WijQij, Wij = dlog(xj — Xj). (KZE) 

l<_i<j<n 

Here are generators of the Lie algebra X of the fundamental group of 

7Tl(Alo,n), 

X = Lie(7Ti(A4 ,n))- 
This Lie algebra is defined through the lower central series of TTi(Mo,n), 

7ri(A4o, n ) = Gi D G 2 D G 3 D ■ ■ ■ . 

We set 

oo 

£ = 0CG,/G J+1 . 

3=1 

We should note that the fundamental group 7Ti(F„(P 1 )) of the configuration 
space F„(P 1 ) is isomorphic to 

7r 1 (F n (P 1 ))^7r 1 (A(o,r i ) x Z/2Z 

so that Lie(7Ti(F„(P 1 ))) is isomorphic to Lie(7Ti(A / (o,n))- 

The generators {^ij}i<i,j<n °f satisfy the following relations jj: 

% = %, n u = o, (mi) 

n 

]T%=0 (Vi), (IH2) 

3=1 

= ({»,j}n{fe,l} = 0). (IH3) 
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These relations are referred to as the Ihara relations. X is a Lie algebra generated 
by {f2ij}i<ij< n with the fundamental relations (|IH1|) ~ pH3p . The relation 
PHip is rather convention of notations. From pH2[) and (|IH3[) . we have 

[n ij + n jk ,n ik ] = o (#{*,j J A} = 3). (7) 

The one forms {wy}i<i<3<n satisfy the Arnold relations [A"] : 

ujij A uj ik + Lo ik A Ujk + tJjk A LOij = (AR) 

for i < j < k. It is known that ([ARp are unique nontrivial relations of degree 2 
which hold among these one forms. 

From the Ihara relations ([7]) and the Arnold relations (|AR[) . we can deduce 
that 

(a) the system p<ZEp is regular as Xi = oo, \xj\ < oo (j ^ i). 

(b) the system p<ZEp is intcgrable, namely Q satisfy 

fl Att = §. 

(c) the system (|KZE|) is PGL(2, C) invariant. 

Hence the system (jKZEp can be regarded as an intcgrable system on A4o,n- 

2.2 Cubic coordinate system on A^o.n and KZ equation of 
n — 3 variables 

(Xi — Xk)(Xj — xA 

Let r(i,j; k, I) = -. — r-^ r be a cross ratio. Put 

{Xi - Xi)(Xj - Xk) 

Mi = r(i, n - 1; n - 2, n) = ^ ~_ X "' 2 X " e P 1 \ {0, 1, oo} (8) 

for i = 1, . . . , n — 3. This defines a coordinate system which we call the simplicial 
coordinate system on Aio. n - Now we introduce (z\, . . . , z n s) by 

y% = z\---Zi (1 < i < n — 3) (9) 
^i=yi = r(l, n. — 1; n — 2, n), 



^2 = — = r(2, l;n- 2,n), 
2/i 



z„_ 3 = ^—5- = r(n - 3, n - 4; n - 2, n). 

2/n-4 



(10) 



This is also a coordinate system on M.o,n which we call the cubic coordinate 
system. These two coordinate system were introduced by F. Brown in [B] . 
In the cubic coordinate system on A4o, ra , (|KZEp is represented as follows: 

dG = QG, 

n — 3 n — 3 

fc=l fe=l l<i<j<n-3 
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where 

t dz k , dz k d(zi---Zj) 

& = 1T' ^ fe = w ( * <j) (12) 

and 

Xk = ^ J?»j (1 < k < n — 3), Xu = Xkk = — ^fe-i,fc, 

fc<i<j<?i-2 

= -%„_! (2<j<n-3), .V,, />, i ; (2<i<j<n-3). 
We refer to this system as the KZ equation of n — 3 variables. 

3 KZE of one variable 

3.1 Definition of KZE of one variable 

By the cubic coordinate system z = r(l,3;2, 4) = 7—^ ^2^^3 4) ^ e 

[x\ - x 4 ) (x 3 - x 2 ) 

moduli space is homeomorphic to P 1 \ {0, 1, 00}; 

A^o,4 P 1 \ {0, 1, 00} : [xi,x 2 ,x 3 ,x 4 ] ^ z 

where [xi, . . . , £4] stands for the PGL(2, C) orbit of (xi, . . . , X4). The KZ equa- 
tion on .Mo, 4 is represented as 

dG [X, , (kzei) 



dz \ z 1 — z 

where Xq = i?i2, X± = — J?i3. This is the KZ equation of one variable. 

In this case, X is a free Lie algebra generated by Xq,Xi, which we denote 

by 

X=C{X ,X 1 }, (13) 

and the universal enveloping algebra U{X) is a non-commutative polynomial 
algebra of X 0} X\\ 

U = U{X) = C{X ,X 1 ). (14) 
3.2 Shuffle algebra of one forms 

Put 

& = f, e 1 = I ^. (15) 

They satisfy the Arnold relation (oA& =0. We set 

S = S(£o,£i) = (C(£ ,6>,w,l) (16) 

where 1 stands for the empty word in S and 111 denotes the shuffle product, 
which is recursively defined by 

w nil = 1 lu w = w, (17) 
w (62^2) = £,n{wi uj (& 2 W 2 )) +^ 2 ((^i w i) uw 2 ). (18) 
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S is an associative commutative algebra with the unit elemnt 1. This is called 
a shuffle algebra generated by £o, £i- 

U is a non-commutative and cocomutative Hopf algebra, and S is a commu- 
tative Hopf algebra. As Hopf algebras, U and S are dual to each other. 

r b 

To a word w = ■ • • £j r S 5, we can associate an iterated integral / w; as 
follows [ClllHa] : 

pb pb pb pt 

/ 1 = 1, / w= / / • (19) 

J a J a J a J a 

Then we have 

) r-b r-b 

w\ J w 2 = (w 1 uiw 2 )- (20) 

J a J a 

For w = Cg 1 ■ ■ ■ £o r_1 £i: we can P u t an iterated integral / w, which defines 

Jo 

the multiple polylogarithm of one variable (MPL): 

U ku ..., kr (z) := 'C:- (21) 

Jo 

This is a many-valued function on A4qa an d has a Taylor expansion 

, 7 "i 

U kl ,..., kr (z)= Yl fa" fcr d z l< 1 )- ( 22 ) 

n!>n 2 --->n r >0 " ' " r 

In particular if &i > 2, we can define an iterated integral / £q 1_1 £i ' ' ' £o r ^i- 

Jo 

This is the multiple zeta value (MZV): 

^-V--^ -1 ^ E 

^ ^ ^ n Til " " * TT 

>7l2— >"r>0 

Let us introduce shuffle subalgcbras such as 

5° = CI © S* 10 = Cle&Sfc- (24) 

S° is a subalgebra spanned by words ending with other than £oj and 5* 10 is a 
subalgebra spanned by words beginning with other than £i and ending with 
other than £o- 

Proposition 1 ((3). We have 

S = S°[£o]=S 10 [6,£ ]. (25) 
Let us define the regularization maps as follows: 

reg° : S = S a [^} -^S a , u = ^ W J m £o ^ w ° K" e 5 °) ( 26 ) 

reg 10 : 5 = S w [^,^ ] -> S 10 , « = E 3 m w ^ m -> ^oo e S 10 )- 

(27) 

From Proposition [TJ these maps turn out to be well-defined and homomor- 
phisms. Furthermore we can also define the MPL map and the MZV map as 
follows: 



C(*i,...,fcr)= / ^o 1 ~ 1 ^--<o r ~ 1 ^= E — —■ (2 3 ) 

J ° n 1 >n 2 --->n r >0 n l 
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• MPL map Li(»; z) : S ->■ C: For u = J2 w 3 w Co ( w j e s ' )> we P ut 

Li( U ;z):=^LiK;z)^. (28) 

Here for a word u> = • • • £o V_1 £i G S°, U{w;z) is the MPL 

Liki,...,k r 2 0- 

• MZV map C : S w -»• C: For to = ■ ■ ■ £o" _1 £i G S 10 (i.e. k x > 2), 
we put 

C(w)=((k 1 ,...,k r ). (29) 

3.3 Fundamental solutions of KZE1 

dG / X X \ 

Proposition 2. The equation IKZE1I — — = ( 1 )G has a unique 

az V z 1 — z J 

solution C(z) satisfying the following asymptotic condition; 
C(z) = £(z)z x °, 

C{z) is holomorphic at z = and C(Q) = I. 

Proof. Let us express £(z) such as £(z) = £s( z ) where C s {z) € £/ s is the 

homogeneous component of the degree s. Then it is easy to show that C s (z) 
satisfies the following recursive relation; 

dCs ^ z {z) = - z [X ,£ s (z)} + J—Xfyz). (30) 
Hence we have jCq(z) = I and for s > 1, 
C s {z) = J (Co®ad(X ) + e 1 ® Ai (X 1 )) S (l®I) 

= u ku...,kr(z) ad(X ) fel -V(^i)---ad(X )' £ '-V(^i)(I), (31) 

fciH \-k r —s 

where a,d(X )(A) = [X ,A], fj,(Xi)(A) = X X A for A elA. Hence C{z) exists 
and is unique. □ 

We call £(z) a fundamental solution normalized at z = of (|KZE1[) . We 
should observe that C(z) and C(z) are grouplike elements of U — C{{Xq,X\)) 
(a non-commutative formal power series ring of Xq, X\), and that C(z) is single 
valued and holomorphic mD = C\{z = x\ l < x}. 

Let us find out another representation of C(z). We set 



G(z) = ^ Li(w;z)W 



where in the sum of the right hand side, w ranges over the set of words in S, 
and for w = ^ ■ ■ we put W = X il ■ ■ ■ X ir . They are dual basis to each 
other. 

We can show the following lemma [HPHj , jOkj . 
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Lemma 3. For any u G S, one has 



d U(u;z) 

— Li(£ u;z) = , 

az z 

d Li(w;z) 

— Li(£iu;z) - 



(32) 



dz 1 — z 

Hence G(z) is a solution of (jKZEljl . 

Proof. Putting u = v ui £g (v G S°, r > 0), we prove (|32|) by induction on r. If 
r = 0, then u = v G S°. This case is already proved because we have 

— Lifci-i,fc 2 ,...,fc r (ki>2), 



Life 2 ,...,fe r (z) (fci = 1). 



dz 

1 - z 

Now assume that, for r — 1 (r > 1), (|3"2"j) holds. Since 

applying Li(»; z) to this relation, we have 

Li&(« ui z) - Li(&v; z)^ - Li(£ (&« iu Co' 1 ); z). 



By the assumption of induction, the right hand side above reads 

i- {RHS} = -f Li(6«; z) • ^ + - Li&«; ^)^^T ~ " Li & w m ^ 
az az r! z (r — 1)! z 

d t • ( c \ log r z 
az r! 

Since G S*°, we have already proved (p?2"j) for — Li(^w; z). Hence we have 



-Ll( 6 «;z)._ j- 



1 log r Z 1 

-Li( V ;z)^- = -Li(z,w££;z) (i = 0, 

z r! z 



1 T ., >g r Z 1 



Li(w;z) — = - U(vui$;z) (i = 1). 

1 — z r! 1 — z 

This proves (|3"2"j) for u = v ui £q • ^ 

In [IKZj . the following proposition is implicitly written: 
Proposition 4 (IKZ). We put 

$=^2w®W&S®U (34) 

where (g> denotes the topological tensor product. Then decomposes as follows: 
#= (^reg ( W )®^)cxp m (e ®X ) (35) 
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where exp^ (£ ® X ) = Y^kLo £o ® -^o ■ Furthermore we have 

<5 = cx Pm (£i ® £ rcg 10 H cxp m (£ ®X ). (36) 



toes 

Since, by using (f3~4"| and ([35]), we have 

G(z) = (Li ®id w )(<£) = ( ]T Li(reg°( W );z)V^)z Xo , 

toes 

G(z) satisfies the same asymptotic condition as C(z). Hence 

G(z) = C(z). 

Moreover we obtain the following proposition. 

Proposition 5 ( jOkUj ). The fundamental solution C(z) normalized at z = 
can be written as follows: 

C(z) = J2Li(w;z)W (37) 

toes 

= ( Li (reg°H; z)W^z x ° (38) 

tuGS 

= (1 - z)- Xl ( U{TCg 10 (wy iZ )W^z x °. (39) 

toes 

We consider the fundamental solution normalized at z = 1 of 

(|KZEip . By the coordinate transformation z t-> i = /(z) = 1 - z, (|KZE1|) 
is transformed to 



dt \ t \-t/ 
Hence we can show that D- 1 ' (z) which satisfies 

£ (1) (z) = i;«(z)(l-z)- Xl 

where iP^{z) is holomorphic at z = 1 and C^(l) = I, uniquely exists. £P^(z) 
is expressed as follows: 

oo 

fW(z) = ^£W(z), 

s=0 
felH — s 

xad(-X 1 ) fcl - 1 M (-^o)---ad(-X 1 )' £ '-V(-^o)(I). (40) 
From Proposition [5j we obtain 

£«(z) = 5^U(«;;l-z)/,(W) (41) 

w£S 



= ( £ Li(reg»; 1 - z)f.(W)) (1 - z)~ Xl (42) 
toes 

= z x ° ( J] Li(reg 10 ( W ); 1 - z)/.(W)) (1 - z)^, (43) 



toes 

where /* : W — > £</ is an automorphism defined by /*(Xo) = — -Xi, /*(_Xi) = — Xq. 
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3.4 Drinfel'd associator and the connection problem of 
KZE1 

We set 

<Z>kz = <Pkz(X , Xx) = J2 C(™ g w (w))W (44) 

which is referred to as the Drinfel'd associator. This is also a grouplike element 
of U. 

Proposition 6 ( [OkUj ). We have 

(1) C(z) = CW(z)$kz. 

(2) The relation (C {1) {z))- 1 C{z) = $ KZ is equivalent to 

Li(r(u); 1 - z) Li(t>; z) = C(rcg 10 (w)) for Vw word in S. (45) 

uv—w 

Here r : S — > S is an anti-automorphism defined by t(£o) — fii r (£i) = £o- 

Proof. (1) Note that Lifci,...,fe r (^) is holomorphic in D = C\{z = x 1 1 <x}, and 
Lifci,...,fe r (l —2) is holomorphic in £)' = C\{z = x \ x < 0}. From (pTTj) and 
(|4T))) . (£W(z)) £(z) is holomorphic in a simply connected domain DDD'. 

Since ^ |(£ (1) (z)) _1 /:(z)} = 0, (C^ (z))" 1 C(z) = C is constant. From 
(p9|) . taking the limit z ^ I, z e D n D' , wc have 

C=lim {(l-2) A " 1 (^Li(reg 10 (w);l-z)/ H ,(PF)) z~ x ° 

w£S 

• (1 - z)- Xl ( Li(reg 10 (w); z)W\ z x °} 

w£S 

= ^C(reg 10 H)^ = <5 K z 

wes 

(2) Since C^'(z) is a grouplike element of U, from (l4"Tj) . we have 

(£W(z))- 1 = ^Li( W ;l-z)(po/,)(^) 

toes 

where p : W — > U is an anti-homomorphism defined by p(Xq) = — Xq, 
p(Xi) = — JCi, which is the antipode of U as a Hopf algebra. Hence, intro- 
ducing an anti-homomorphism r : S — > S defined by r(£o) = £1, r (£i) = 
£o 5 we have 

Therefore we have 

(C^(z))- 1 C(z)= feu{T(u);l-z)u) ■ (22lA{v;l-z)v) 

uGS v£S 

= E( E ^(r(u);l-z)Li(v;z))w. 
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This proves ([35]). 

□ 

The relation (|45jl is called the generalized inversion formula. 
Proposition 7 ( [OkUj ) ■ We have 

(1) <?kz(^o,^i)^kz(-^i, -X ) = I (the duality relation of <P KZ ). 

(2) From ([T]), we obtain the duality relation of MZV: 

C(reg 10 H) = C(reg 10 (r(w))) for \/w G S. (46) 

Proof. Taking the limit z -> 0, z G D n £>' of (£W (z))^ 1 £(z), we have 
<2>kz(*o,*i) = (^Li(reg 10 H;l)/,(^)) _1 = #kz(-*i, -*o) _1 . 

to 

Since the Drinfel'd associator is grouplike, we have 

*kz(-*i, -Xq)- 1 = ^ C(rcg 10 ( W ))( t o 

= ^C(rcg 10 (rH)F^. 

This completes the proof. □ 
For examples of Proposition [6] and Proposition [3 we present the following: 

(1) Lia(z) — logzLii(z) + Li2(l — z) = C(2)- (Euler's inversion formula |Lej ) 

(2) C(3) = C(2, 1). (Indeed, C(3) = C^Ci) = C(r(£§£i)) - C(Co^) - C(2, 1)0 

3.5 Schlesinger type equation of one variable 

Consideration on (jKZEll) generalizes to the case of the Schlesinger type equa- 
tion. 



^^(^L + y^L\ G (SE1) 



where oi, . . . , a m G C \ {0} are distinct points. The coefficients Xq, X\, . . . , X m 
are generators of a free Lie algebra 

X = C{Xf), X\, . . . , X m }. 

The universal enveloping algebra U = U(X) = C(Xq, X\, . . . , X m ) is a non- 
commutative polynomial ring and a completion IA = U(X) = C((Xo, X\ , . . . , X m )) 
is a non-commutative formal power series ring. 
The one forms £q, £i, . . . , £ m are defined by 

dz . Ujdz , . 
£o = — = 7^ (l<J<m) 

Z 1 — djZ 

and let S = Sfa, £l, ■ ■ ■ , £ro) = (C(£o, £i, • ■ • , Cm), w, 1) be a shuffle algebra 
generated by £ , £i, • • • , £m- 
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Proposition 8. The Schlesinger type equation (|SE1|) has a unique solution 
C(z) satisfying the asymptotic condition 

C(z) = C(z)z x °, 

Liz) is holomorphic at z = and C(Q) = I. 

oo 

Proof. Similarly as in the case of (|KZE1[) . £{z) = ^£ s (z) (C s (z) E U s ) are 

s=0 

expressed as 

i>z m 

£s{z)= / (^o®ad(X ) + ^^®//(X J )) S (l®I) 
J o j=l 

= L{kla ^ • • • kra ^ z ) ^(X^- 1 ^,) ■ ■ ■ ad(X ) fc '- V(^v)(I)- 

fclH hfcr- = s 

il ,...,i r G{l,...,m} 

Here L( kl ai 1 ■ ■ • r ai r ; z) stands for a hypcrlogarithm which is by definition 

L(^a n ■ • • fe -a ir ; z) := f ^ l & • • • 
Jo 

- E 



n\—n2 H2-ri3 n r 

a, a ; • • • a, 



ni>n2-">n r >0 1 r 

This Taylor expansion is absolutely convergent for |z| < min | o.^ fc | 1 . □ 

l<k<r 

The solution C(z) in Proposition's referred to as the fundamental solution 
normalized at z = of (|SE1[) . £(z), C(z) are grouplike elements of U. 



4 KZE of two variables 

4.1 Definition of KZE of two variables 

By the cubic coordinate on .Mo, 5 : z i = t(1, 4; 3, 5), z 2 = r(2, 1;3, 5), KZE on 
.Mo, 5 is represented as the KZ equation of two variables (KZE2): 

dG = QG 1 f2 = {iXi + Z n Xn + Z2X2+(a2X-a + toXu, (KZE2) 
dzi dzi dz 2 dz 2 d{z x z 2 ) 

4l — , 4ll — "i ) S2 — , 422 — -. , ?12 — 



Zl 1 - Zl z 2 1 — Z 2 1 - ZlZ 2 

The singular divisors D of (|KZE2[) arc 

D = {zi = 0, 1, oo} U {z 2 = 0, 1, oo} U {ziz 2 = 1}. 
The coefficients Xi, Xu, Xi 2 are given by 

X\ = fl\ 2 + i?i3 + J?i4, X2 = i723, 
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which satisfy 



[X lt X 2 ] = [X n ,X 2 ] = [X U X 22 ] = 0, 

[Xyi, X 22 \ = [— Xn,Xi 2 ] = [X 22 ,Xi 2 ] = [—Xi+X 2 ,Xi 2 ]. 



(47) 



X is the Lie algebra generated by X\ , . . . , X\ 2 with (|47|) as the fundamental 
relations. 

Note that (|AR[) for this case is 



£1 A Cn =0, ^ A 62 = 0, 
(£1+ 6) A £12 = 0, 

£11 A £12 + 62 A (£11 ~ 62) ~ 6 A 62 = 0. 



(48) 



(0,1) 



(0,0) 




singular divisors 
D = {zi = 0,l,oo} 

U{z 2 = 0,l,oo} 

U{z lZ2 = 1} 



(1,0) 



4.2 Fiber space structure of .Mo, 5 and decomposition of X 

Consider the projection 

Vl ■ M ,5 ->■ M ,4 ■■ [xx,X 2 ,X3,X4,Xs] i-^ [xi,x 3 , X4,, x 5 ]. (49) 



Mo,! 



P2 



P 2 

-P!\ {0,1,00,^!} 



1 Z\ oo 

A^o,4 — P 1 \ {0, 1, oo } 
From this, we obtain the semi-direct product of the fundamental groups; 

ni(M ,5, (Z1,Z 2 )) = TT^P 1 \ {0, 1, OO, Zf 1 }, Z 2 ) X 7Tl(7W ,4, Zl). 

Taking Lie algebras, we have 

X = C{X 2 ,X 22 ,X 12 } © C{X U X U } 
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(C{X 2 , X 22 , X X2 } is a Lie ideal). We have similar decomposition 

X = CiX^XxuXu] © C{X 2 ,X 22 } 

(C{Xi, Xn, X12} is a Lie ideal). 

Proposition 9. The following decomposition holds: 

X = CiXuXxuXia] © C{X 2 ,X 22 } = C{X 2 , X 22 , X 12 } © C{X u X n }, (50) 
U{%) = U(C{X 1 , I n , X 12 }) © U(C{X 2 , X 22 }) 

= U{C{X 2 , X 22 , X 12 }) © U{C{X X ,X 1X }) (51) 

Moreover, C{Xi,Xu,Xi 2 }, C{X 2 , X 22 , X i2 } are Lie ideals of X. 

4.3 Reduced bar algebra 

Now let 

S = 5(6, 61,6,62, 62) = (C<6, £11 , 6, 62, £ia>,w,l) 
be a shuffle algebra generated by 6, • ■ • , 62- We say that an element 

<P= ClUJl1 " ' w ^ 

/={<!, ...,»,} 

(u!i k G {6, •■•,62}) satisfies Chen's integrability condition (CIC) if and only 
if, for 1 < VI < s - 1, 

^ c/ © ■ ■ • © A © • • ■ © oj is =0 (CIC) 



holds as a multiple differential form }C2| . Let B be a subalgebra of 5 of elements 
satisfying (jCICI) : 

£ = {ip E 5 I 93 satisfies (IClCU . (52) 

We refer to 23 as the reduced bar algebra. 

/•(*i.*a) 

For ip <E B, the iterated integral / 93 depends only on the homotopy 

J (01,02) 

class of the integral contour and defines a many-valued analytic function on 
P 1 x P 1 \D. 

As Hopf algebras, U and B are dual to each other. 

Proposition 10 f |OUj ). There exist isomorphisms of shuffle algebras 

ll82 :S^5(6,6i,?i2 ) )®^(6,6 2 ), (53) 
6 28 i :B A 5(6, 62,^)© 5(6, 61) (54) 

where = Z2dzi ; g 2 ,) = Zldz2 (gl) + ^2) = The isomorp h ism 

1 — Z1Z2 t — Z1Z2 

tiig)2 is defined through the following procedure: 

(i) For tp <E B, pick up the terms Lpiip 2 G 5(6,61,62) • 5(6,62)- 
(u) change each term ^i<^ 2 to ^1 © (p 2 G 5(6,61,62) © 5(6,62)- 
(Hi) replace 62 to £^ 2 '. 
£2®i is similarly defined. 



14 



Let B° be a subalgebra of elements ending with other than £1,^2: 
B a = {<p e B I ip = qui! ■■■uj 1s , uj is ^ £1,6}. 

For tp € B , we can put an iterated integral / p. 

J{0,0) 

Proposition 11 f [OUj ). We have isomorphisms of shuffle algebras 

H®a : A ^(a^n,^) ® S°(6,6a), (55) 
t281 : £° A 5°(6,62,C t 1 2 2 ) ) ® (56) 
where 5° (A) ={^£ 5(A) | p =^6/^ • • w 4s ^ £i,&}. 

4.4 Fundamental solution of KZE2 

Let l?o = £1-^1 + £,2X2 (the singular part of D at (0, 0)) and £2' = Q — i?o (the 
regular part of i? at (0, 0)). 

Proposition 12. IKZE2I has a unique solution C(zi,z 2 ) satisfying the asymp- 
totic condition: 

C( Zl ,z 2 ) = £(z 1 ,z 2 )z? 1 z?*, 

£(2:1,22) is holomorphic at (0,0) and £(0,0) = I. 

Proof. Since the fundamental relations (|77|l of X is homogeneous, U has the 

00 

canonical gradation: U = IA S . Similarly, the reduced bar algebra B and the 

s=0 

oc 00 

subalgebra £° are graded: 8 = 0B S , £° = B° s (B° = B s nB°). 

s=Q s=0 

oo 

Let £(21, Z2) = £ s (^i) ^2), (£« G U s ). Then we have the following recur- 

s=0 

sive relation: 

dC s+ i{z ll z 2 ) = [Oo,C s ] + Q'£ s . 
Lemma 13 f |OUj . Proposition 17). We have 

(ad(fl ) + (1 ® I) e £>° ® W s 

where we set ad(w ® -X")(</? <8> -A) = cj</j ® [-X'j-A], m( w ® ^)( t /' ® -A) = ® 
Hence we have £0(2) = I, and for s > 1 

z 2 )= / ( ^ 2) (ad(X2 )+^(^')) S (l«'I)- (57) 

J (0,0) 

This shows that the fundamental solution £(21, 22) exists and is unique. □ 

The solution £(21, 22) is called the fundamental solution normalized at (0, 0) 
of (|KZE2p . We should observe that C(zi,z 2 ) and £(21,22) are grouplikc ele- 
ments of U which is the completion of U with respect to the gradation, and that 
£(2:1,2:2) is single valued and holomorphic in {(21,22) | \z\\ < 1, \z 2 \ < 1}. 
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4.5 Decomposition theorem of fundamental solution 

Proposition 14. The fundamental solution £(zi,z 2 ) normalized at (0,0) de- 
composes as 

C{z l ,z 2 ) = Cfli{zi,z 2 )d£l 1 (zi) = C { ^ 2 {z l ,z2)C < il 2 {z2). (tt) 
Here C^jizj) is the fundamental solution normalized at Zj = of 

' % ' Xn ^ G (KZEl^) 



£ (j) fzl - C (J) (z )z Xj £ U) (0) - I 
£^ (zi, Z2) is the fundamental solution normalized at Zi = of 



c?G _ / ZjX\2 



dzi \ Zi 1 - Zi 1 - ziz 2 



G (SEltgj-) 

= I. 



Zi=0 



The holomorphic part C(zi,z 2 ) has similar decomposition as follows: 

C(Z 1 ,Z 2 ) = C*2®l( Z l> ^2)A®l(«l) = £i®2( Z 1^2)£i® 2 ( Z 2)- (tt') 

Proof. From the asymptotic condition of £(zi, 22) = Za)^! a > it follows 
that G(zi) — C(zi,0)zf~ 1 is the fundamental solution of (KZEl2®i) . Hence 
G(z 1 )=4 1 ^ 1 (z 1 ). Put 

H(zi,z 2 ) = £(z 1 ,z 2 )(C§g ) i(zi)) ■ 

Then H(zi,z 2 ) is a solution of (SEl2®i). Since [X 2 ,X{\ = [X2,Xn] = 0, it has 
the asymptotic condition as follows: 

H(zi,z 2 ) = H(zi,z 2 )z 2 2 , 

H(z 1 ,z 2 ) = £{z 1 ,z 2 )(£(z 1 ,0))~ 1 , H( Zl ,0) = I. 

Therefore H(zi,z 2 ) = £^(21, z 2 ). □ 

We call this proposition "Decomposition theorem for the fundamental solu- 
tion" . 

5 Connection Problem of KZE on A4o,5 

5.1 Compactification of M.q^ 

A smooth compactification of Mo,5 is given as follows |T]: 

Alo,5 = PGL(2,C)\((P 1 ) 5 \A'), (58) 
A' = {(xi,x 2 ,X3,X4,X5) e (P 1 ) 5 I at least 3 points coincide}. 
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Then 



M , 5 \M 0:5 = (J D ij: 

l<i<j<5 

Dij = {[X 1 ,X 2 ,X 3 ,X4,X 5 ] I Xi =Xj}. 



(59) 
(60) 



The divisors D^s are rational curves in .Mo, 5 an d satisfy 

Da n £> fei 



({i,j}n{fc,Z}^0, {i,j}^{M}), 

{one point} ({£, j} n {fc, Z} = 0). 



Let A4o,5(R) be the real points of ^0,5: 

M , 5 (R) =^o )5 (R)\ |J Aj(R). 

i<;<i<5 

Then A^o.s(R) has 12 connected components, and each component is a pentagon 
surrounded by five curves Dij (TV): 




In the above figure, pentagons with the same number should be identified. 

5.2 Cubic coordinate system associated with a pentagon 

Let us fix the pentagon 1: 
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22=1" 



blow down 



' 2122 = 1 



21=1 

Each vertex of this pentagon is given as follows: 

P = [0,l,l,oo,oo], Pi = [0,oo,oo,l,0], P 2 = [oo,0,l,oo,l], 
P 3 = [l,l,oo,0,oo], P 4 = [oo,oo,0, 1,1]. 

The cubic coordinate system 

(z u z 2 ) = (r(l,4;3.5), r(2, 1; 3.5)) 

' [xi - x 3 )(x A ~ x 5 ) (x 2 - x 3 )(x 1 - x 5 ) \ ^ 

(X! - X 5 )(X 4 - X 3 ) ' (x 2 - X 5 )(X! - X 3 ) J 

is a local coordinate system around Pq, and via the map 

[xi,x 2 ,x 3 ,X4,x 5 ] i-> {zi,z 2 ) 

the pentagon 1 blows down to the square {(zi,z 2 ) | < z\ < 1, < z 2 < 1} as 
follows: 

(zi,z 2 )(P ) = (0,0), {z u z 2 )(D 23 ) = {z 2 = 0}, ( Zl ,z 2 )(D A5 ) = { Zl = 0}, 
( Zl ,z 2 )(D u ) = { Zl = 1}, ( Zl ,z 2 )(D 12 ) = {z 2 = 1}, (z u z 2 )(D 35 ) = (1,1). 

We should observe that C{zi, z 2 ), the fundamental solution normalized at (z\, z 2 ) 
(0, 0) of (|KZE2I) . is a fundamental solution of (|KZEj) which is single valued and 
holomorphic in a certain domain containing the pentagon 1. 



Put a = 



1 2 3 4 5 



v 5 4 1 3 2 
P = [01, a 2 , a 3 , 04, 05], we set 

^(p) = K-i(i), 



Define a : — > -Mo, 5 as follows: For a point 



-!(2)' a er- 1 (3)> a a- 1 (4), d<j- 1 (5)\ 



(62) 



(= [a 3 ,a 5 ,a4,a 2 ,ai]). 



Then a is an automorphism (attached to the pentagon 1) of .Mo, 5 satisfying 
a = id and 

v(P a ) = P a +i (mod 5), tr(Dy) = D<r{i), a (j) (Vi,j). (63) 
Let <r*(a;.i) = (i = 1,2,3,4,5) which induces an automorphism of the 

rational function field of .Mo, 5- Put {z^\ z^) = (zi,z 2 ). Then 

;M= CT *(^)) =r( 5,3;l,2) = 4 >, 



s^W^f )=r(4,5;l,2) 



y (0) 



,(0) JO) 
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are local coordinates around Pi . In general, we set 

/■„(«+!) _ „*(~{ a )\ _ _(<*) 
z l — a \ z l ) — z 2 i 

i (a) ( 64 ) 
„(a+l) _ */ (a)s _ 1 ~ z l 

Then 

is a local coordinate system around P a , and is called the cubic 
coordinate system attached to P a . 
Define the pull-back of ojy by 

<r*(u>ij) = dlog{a*(xi) - <J*{xj)), (65) 

and let er* : X — > X be an induced automorphism defined through 

= 51 cr*(cjy-)%, (66) 

l<i<j<5 l<i<j<5 

namely, 

<7*(/2y) = O^-i^^-iy). (67) 

Then we have 

O = (a* ® a" 1 )^) = ]T ^KOa-^fiy). (68) 

l<i<j<5 

We represent 12 by the cubic coordinate system attached to P a : Let 

x} 0) = x i; xg^Xy (i < i < 2, i < * < i < 2), 

x|« +1 > = ^(if), xg* +1 ) = ^(X^) (a = 0,1, 2, 3). 
Then reads 

= ^ ] x[ a) + $xg> + + tgxg> + 4 a) xW, (69) 



where 



( Q ) _ az^ ( a ) _ az i _ j a ) _ a{z 1 z 2 ) 



(„) . S M (°0 V ' ; ' S12 ,Ja) ,(<*)' 

Let = (zi Q \ -4°^) be the fundamental solution normalized at P a of 

KZE2 Q 



rfc = ^xr + aw xs } + *r + + ssw j g. (kze2 q ) 

We should observe that each is a fundamental solution of (|KZE[) which is 
single valued and holomorphic in a certain domain containing the pentagon 1. 
Let us find the connection matrix C a ; 

£W(z[ a) ,4 a) ) = £ {a+1) (z{ a+1 \4 a+1) )C a - (70) 
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To this equation, we substitute the decomposition ([Q for C^ a \0- a+1 ' 

r(a)(Ja) J<*)\ _ r (a)(2), (a) (a) x r (a) (1) / (a) x 

Ma+l) ( J<*+1) Ja+l)x _ Ja+1) (a+l)x -(a+l)(2) / (a+l)x 

*- 1*1 i z 2 ^ — i -'l®2 V^l ' 2 /*"1®2 1*2 7> 

where C-^j ( z j^^ (P = a,a + l) is the fundamental solution normalized at 
zf =0ofKZElg 



dz^ V l-zf ] 



3 3 
Sj K "j ' \"3 



and , (z| , Zj ) is the fundamental solution normalized at zf = of 



SEL-fL 



dG (XP X™ z^X® 



3 —^- 1 G (SElg> ) 



Then we have 

/»(a)(2)/_ (ah^-l _ /.(a)(2) r (a) (a)x -1 ~(a+l)(l) , (a+l) Ja+l)x 
*-2®l V~l / ck — i -2(»l (^1 ! ■ i 2 / i -102 ("l ! ^2 / 

•4^ 1)(2) (4 Q+1) )- (7i) 

Note that = z ( 2 a \ z { 2 a+1) = 1 = f\ and A^ +1) = X^, X { 2 a+1) = 

1 - z? ] z 2 a) 

—X["\ Since the left hand side of (fTTj) is independent of the variable z^"" 1 , first 
taking the limit of z% — > 0, we have 

RHS = 4;+ 1)(2) (l-z 1 a) )(l-4 Q) )- X " 

~ix(i-4 a) )- x " (4 Q) ^i). 

Hence RHS is the fundamental solution normalized at z[ a ^ = of KZElfe'.. 



This implies C a = <P KZ {X\ a \x 



li J 



Theorem 15. Put <2>£z = c2> KZ (X< a) ,XW). 

(1) We have 

£(a) = £(a+l)0(a) ( a = ,l,2,3,4 (mod 5)). (72) 

(2) As the compatibility condition for the connection relation (|T2")) . we obtain 
the pentagon relation of the Drinfel'd associator 

# (4) ^(3) # (2) ^(i) ^(o) _ j f73l 

^KZ ^KZ ^KZ ^KZ ^KZ '• 



20 



Proof. We show Since the connection relations ([72} hold in a certain domain 
containing the pentagon 1, we have 



u — ^KZ *- ^KZ^KZ 

From this we obtain the pentagon relation ([73 



£(0)^(4)^,(3)^(2)^(1)^(0) 
^ ^KZ^KZ^KZ^KZ^KZ' 



□ 



6 Five term relation of dilogarithms 

6.1 Iterated integral representation along Ci^j C2®i °f 

Let Ci<g>2, C2®i be contours defined in the following figure: 




(0,0) (1,0) 
For p a ® ^ € S° (6 , 62 , Sa } ) ® S° (£1 , £11 ) , we set 



22 /-Zl 



51 ^C 2 ®1 Jz 2 =0 Jzi=0 



Similarly for ® G 5° (£1 , £ 11 , ^ ) ® S^fe^aa), we set 



/■ /"Z2 
1®2 JCl®2 ./zi=0 Jz 2 =0 



Proposition 16. For ^ e B°, we have 

^■(21,22) 



Hence we have 



<P = I <P= I t2®i(y) 

(0,0) JC281 ^2®1 



V = / H(82(V)- 
Cig, 2 -/l<8)2 



t2®l(<P) = / il^M- 
51 Jl®2 



(74) 



(75) 



(76) 



21 



We call ([To]) a generalized harmonic product relation. This provides a re- 
lation of hyperlogarithms of the type .Mo. 5 which is defined as follows: For 
oti^{l,z 2 } (i = 1, . . . , r), we set 



./o 

e 1 ? fc ; ar ^ (^) 

m>->n r >o 71 1 •••"r 
where w, = — — 1 . This is called hyperlogarithms of the type A^o 5 of the 

1 - CtiZi 

main variable z\. If ct\ = • ■ ■ = ov = 1, it reduces to a MPL of one variable; 

U klt ..., kr {z 1 )=L{ k n-.- k n;z 1 ). (78) 

If o.\ = • ■ ■ = <Xi = 1, cti+i = ■ • • = ct;-|-j = Z2 (?" = i + i)j it is a MPL of two 
variables; 

Lifc 1: ...,fc r (i,r-i;zi,z 2 ) = E fci 2 Av ■ ( 79 ) 

ni>fij-»v>0 n l ■■■n r r 

The generalized harmonic product relations are the main subject in |OUj . 
Here we only give a simple example. 

Let = £1162 + 6261 ~ 62C12 - 662 G 5°. Then 

^l®2(<^) = £ll£l2 ® 1, 

t2®l(¥>) = 62 ® 6l - &2^2 Ol- 6^12 ® 1, 



/ ti®2(y) = / 61^12 =Lii,i(i,i;«i,«2), 

7l®2 JO 

/ fcsifoO = / 62 / 61 - / 62^ - / U 
J2®i Jo Jo Jo Jo 
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= Lii(z 2 ) Lii(zi) -Li M (l,l;z 2 ,zi) -Li 2 (0,l : z 2 ,zi). 
Thus ([75)) for reads 

Lii(zi) Lii(z 2 ) = 1; Zi, z 2 ) + Li 2 (0, 1; z 2 , Zi) + Lii,i(l, 1; z 2 , z\). (80) 

From Proposition 1161 we have 

C s ( Zl ,z 2 )= f (ad(i?o) + K^')) S (1 ® I) 

(n®a ® idw) ((ad(fio) + /i(^')) s (1 ® I)) , 



1 >; 2 



where C s (zi, z 2 ) is the homogeneous degree s part of the fundamental solution 
C(z\, z 2 ) of IKZE21 Hence we have the following proposition. 
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Proposition 17 ( [OU] , Corollary 21). (1) We have 

C s ( Zl ,z 2 )= J2 E r°irUW) r 9^ 2 (W") a(W)a(W")(I) 

, „// „ 1,7, JO JO 



s'+s"=s 



(81) 



where W runs over the set W° (Xi, Xn, Xi 2 ), and M^" runs over the set 
W°„ (X 2 , X 22 ). (W s °(2t) = W°(2l) n U S {X), and W°(2t) stands for the set 
of words of the letters 21 ending with other than Xi,X 2 .) a : U(X) — > 
End(^/(X)) is an algebra homomorphism 

a : (X U X 1U X 2 ,X 22 ,X 12 ) ^ (ad(X t ), /i(X u ), ad(X 2 ), ^(X 22 ), »(X 12 )), 
and 

0« 2 : U{C{X 1 ,X 11 ,X 12 }) -> Cii, 
^ 2 :W(C{X 2) Z 22 })^5(6,62) 
are linear maps defined by replacing 

01®2p^) = 6i) ^1®2(^'«) = (* = I. 2 ), 6»^ 2 (Xi 2 ) = £ 12 . 

(2) Similarly we have 



z s {z u z 2 )= J2 E rCiiw') f 



^2®1 



(1) (W") a{W')a{W"){l) 



(82) 



where W' runs over the set W®,(X 2 ,X 22 ,Xi 2 ), and W" runs over the set 
W°„(X u X n ), and 

g( 2 ) .uir*S(v„ y.-t^ __s. ort. ft 2 ) 1 * 



: W(C{(X 2 ,X 22 ,X 12 }) -> 5(6,62,^2 

9(1) 

7 2®1 

are linear maps defined by replacing 



e^ 1 :U(C{X 1 ,X 11 })^S^ 1 ,^ 11 ) 



^2%i( X i) = 6) #2®l(^ii) - Cu (i - 1, 2), (Xi 2 ) = £^ 2 . 
In this proposition, we should observe that the iterated integral 

L{e^ 2 (w');z 1 ):= re{%(W) (rew^(ii,i Ul i 12 )) 

Jo 

is a hyperlogarithm of the type .Mo, 5 of the main variable z\, and the iterated 
integral 

L{e{ 2 2 2 (W") ; z 2 ) := f ° ^ 2 (W") (W" 6 W°„(X 2j X 22 )) 
Jo 

is a multiple poly logarithm of the variable z 2 . 
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6.2 Five term relation of dilogarithms 

Let t = (23)(45). Define an automorphism r : .Mo. 5 -Mo. 5 as follows: For a 
point P = [01,02,03,04,05], set 

t(P) = [a T -i(i),a T -i( 2 ),o T -i(3),o 1 — i(4),a T -i(5)]. (83) 

By this automorphism, the pentagon 1 is transformed to the pentagon 4 like as 
in the following figure. 




Let T*(xi) = x T n-\ (i = 1,2,3,4,5), which induces an automorphism of 
the rational function field of .Mo, 5, in particular, the cubic coordinates are 
transformed as follows: 

r*{ ZuZ2 )=( - Z f- Z *\- Z f- Z A . (84) 

V 1-21 1-Z2 J 

Define the pull-back of uiij by T*(uiij) = dlog(r* (xi)—T*(xj)), and let t* : X— >X 
be an automorphism defined by 

l<i<j<5 l<i<j<5 

namely, r*(X?y ) = — — Then we have 

^ = (r*®r- 1 )(^)= ]T r'^K-^fly)- 

l<i<j<5 

Explicit representations of the pull-back r* and the induced automorphism 
r* are given as follows: 

l>(6) =6+61-62, r*(6) = -6 + 62, , . 

\r*(6) = -61+6+62, r*(6 2 ) = -62+62, r*(6 2 )=62, 
and 

I t*(X{) = X±, r*(Xn) = Xi — Xn — X2, T t ,(X 2 ) = X 2 

I T*(^22) = —Xi + X2 — X22, T*(X\2) = X\\ + X22 + X\2- 
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Since Q = (r* ® r" 1 )^), 

£(z 1 ,z 2 ) = (r*®T- 1 )(£(z 1 ,z 2 )) 
= £(r*(z 1 ),r*(z 2 )) 

— X, X — X\ , X\\ -.^22 

is also a fundamental solution of (|KZE2|) which has the asymptotic condition 
^ 1 ,, 2 )-l(^^) Xl (^^)" 2 (0,0). (87) 

Therefore the connection relation of £(21, z 2 ) and C(z%, z 2 ) is 

£(zi,z 2 ) = C(zi, z 2 ) exp(— sgn(Imzi) mX{) exp(— sgn(Im z 2 ) niX 2 ). (88) 

It is convenient to rewrite this formula as follows: 

(t* ® id) (£{zi,z 2 )) = (id®T- 1 )(£(z 1 ,z 2 )) 

x exp(— sgn(Im z\) iriX\) exp(— sgn(Im z 2 ) iriX 2 ). 

(89) 

Using (j8Tj) and (|82[) in Proposition [TTl we have the following proposition. 

Proposition 18. (1) From the coefficients of [Xi,Xn] of the both sides of 
([gS]). we have 

Li 2 ( ~^~ Z2) ) = Lii-^ 1 ' !i *L *a) - Li 2 (zi) - Li^^) (LI) 

+ Li 2 (0,l;zi,z 2 ). 

(2) From the coefficients of [X 2 , X 22 ] of both sides of (|5^|) , we have 

Li 2 ( ~ Z fl~ Zl) ) = - Lii.iC 1 - 1; *i, «2) - Li 2 (2 2 ) - Li M (z 2 ) (L2) 

+ Lii(z 2 )Lii(zi). 

The formula (|L1|) is a two dimensional analogue of Landen's formula of 
dilogarithms jLej : 

Li 2 = - Li 2 (z) - i log 2 (l - z). 

Since Li 2 (0, 1; zi, z 2 ) = U 2 ( Zl z 2 ) and Li Xil (zi) = \ log 2 (l - zi), |LT) + (JOJ) 
implies the following: 

Theorem 19. We have the five term relation for dilogarithms jLej: 

Li 2 (z x z 2 ) = Li 2 ( ^ Z fS z 7 f ^j +Li 2 ^fl'^ ) +Li 2 (zx) +Li 2 (z 2 ) 

(5TR) 



1 , 2 f 1 - z i 
lor 



2 Vl-z 2 
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